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The thermodynamic origins of substrate binding oooperativity in a dimeric enzyme that can bind one substrate (A) and one akrsteric 
ligand (X) to each of two identical subunits are discussed. It is assumed that maximal activity is not subject to allosteric modification 

and that the substrates and alloateric ligancls achieve binding equilibrium in the steady state. Each uniquely ligated form is assumed 
to be capable of exhibiting unique binding properties, and only the principles of thermodynamic linkage are used to constrain the 
system further. The explicit relationship between the Hill coefficient, the concentration of X, and the magnitudes of the relevant 

coupling free energies and dissociation constants is derived. In the absence of X only the homotropic coupling between substrate sites 
contributes to, a nonhyperbolic substrate saturation profile. An allosteric l&and, X, can alter tbe cooperativity in two distinct ways, 

one mechanism being manifested when X is saturating and the other only when X is present at subsaturating concentrations. By 
evaluating the concentration of substrate required to produce half-maximal velocity as a function of [q as well as the Hill 
coefficients when X is absent and fully saturating, the dissociation and coupling oonstants most important for tmderstanding the 
mechanisms of allosteric action in an enzyme of this type can be determined. 

1. Introdoetlon 

Allosteric modification of enzyme activity often 
involves the generation of cooperativity in the 
enzyme’s response to substrate concentration. In 
this communication cooperativity is defined to be 
a nonhyperbolic substrate or ligand saturation 
profile. WhiIe a cooperative response function is 
not a defining characteristic of allosterism, it often 
is taken to be such because of the frequency with 
which it is a feature of allosteric behavior. 

Several different mechanisms can lead to ap 
parent cooperativity in a substrate saturation pro- 
file. Mechanistically trivial reasons include con- 
centration-dependent changes in the activity coef- 
ficient of the substrate, substrate-induced changes 
in the association state (that leads to a change in 

Correspondence address: G.D. Reinhart, Department of 
Chemistry, University of Oklahoma, Norman, OK 73019, 
U.S.A. 

activity) of the enzyme, and a heterogeneous 
population of isozymes with differing affinities for 
the substrate. We are primarily interested in coop- 
erativity that results from ligand-mediated alter- 
ations of the enzyme structure. 

AIIosteric ligands can influence either the maxi- 
mal turnover rate (V-type effecters) or the affinity 
of the enzyme for substrate (K-type effecters) 
through conformational effects, and both of these 
modes of action can lead to cooperativity. Since 
K-type effeetors are commonly encountered, we 
feel it useful to examine more closely the nature of 
the cooperative effect that can result from ligand- 
Iigand interactions on an enzyme that induce al- 
terations in ligand-protein affinity. 

Largely because of the extensive literature on 
the allostexic properties of hemoglobin, which is 
strictly a binding protein, most modeling of en- 
zymatic K-type allosteric behavior adopts a ther- 
modynamic premise. In other words, the rapid- 
equilibrium assumption is usualIy invoked, either 
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explicitly or implicitly. Such an approach is rea- 
sonable; the rapid-equilibrium assumption pro- 
vides a simplification that usually describes ob- 
servable data satisfactorily and greatly simplifies 
otherwise exceedingly complex steady-state rate 
equations that would otherwise be virtually use- 
less. Nevertheless, one must be cognisant of the 
assumption and the possible deviations in behav- 
ior that might be introduced by a steady-state 
mechanism in which thermodynamic relationships 
do not hold. By thoroughly knowing the behavior 
characteristics predicted by a thermodynamic- 
based mechanism one is in a better position to 
recognize these potential deviations. 

The purpose of this comnnmication is to con- 
sider in particular the nature of the interactions 
that exist in a symmetrical dimeric enzyme with a 
single binding site for substrate, A, and allosteric 
l&and, X, on each of the two identical subunits, 
and how the interactions between these ligands 
contribute to cooperativity. Our analysis will not 
invoke the possible existence of tautomeric forms 
with identical states of ligation existing in true 
equilibrium because they do not impact the form 
of the rate equation and cannot be revealed from 
kinetics or binding measurements [l]. Rather, we 
will only utilize the principles of thermodynamic 
linkage [2-61 to simplify the resulting equations. 

Most saturation profiles that exhibit cooper- 
ative behavior can be presented in the form of a 
‘Hill plot’ of log(u/(V_ - u)) vs. log[substrate]. 
This plot is convenient because it provides a linear 
presentation of rate data obtained over most of 
the saturation curve. The ‘degree’ of cooperativity 
is usually described with reference to the ‘Hill 
coefficient’ that is equal to the slope of a Hill plot 
at half-saturation. At very high and very low 
substrate concentrations a Hill plot will asymptot- 
ically approach a slope of unity regardless of the 
nature and degree of cooperativity. Interpreting a 
Hill plot by analyzing the distance between 
asymptotes has been discussed previously [4]. 
However, in practice this approach is rarely utilized 
because of the large error in the HiIl plot associ- 
ated with data that approach asymptotic behavior. 
We will evaluate how the more easily obtainable 
Hill coefficient relates to the magnitude of 
l&and-ligand interactions on a protein dimer. 

2. Thermodynamic linkage 

Thermodynamic linkage refers to the fact that 
if two ligands, X and Y, bind to discrete sites on a 
protein, and if the affinity of the protein for X is 
altered when Y is bound, then the affinity of the 
protein for Y must be altered by the same amount 
when X is bound. Consequently, the binding inter- 
actions of these two ligands with the protein are 
‘linked’ by the magnitude of this mutual, protein- 
mediated interaction. This concept was first 
articulated by Wyman [2-41, but its ramifications 
have been more recently discussed by Weber [5,6], 
who also made the important contribution of re- 
stating the argument in terms of free energy. 

In the discussion that follows, we first extend 
the principles of thermodynamic linkage to the 
analysis of a protein that can bind either two, 
three or four different Iigands to corresponding 
individual binding sites. We then utilize the result- 
ing relationships to consider specifically a sym- 
metrical, nondissociating dimeric enzyme binding 
one substrate and one allosteric ligand per sub- 
unit, paying particular attention to the origins of 
nonhyperbolic substrate saturation behavior. In so 
doing, several behavioral characteristics are il- 
luminated that are not anticipated by analyses in 
which the ramifications of thermodynamic linkage 
are obscured. 

2.1. Two-ligand couplings 

The binding of two ligands, X and Y, to differ- 
ent sites on a protein, P, can be represented by the 
reaction: 

p+x+y==x-P-Y 0) 

In reality, reaction 1 never occurs via’s con- 
certed mechanism, but rather it is accomplished in 
steps with either Iigand X binding first, foIlowed 
by Y, or Y binding first followed by X. The total 
standard free energy change, AGF, that results 
from reaction 1 is equal, therefore, to the sum of 
the standard free energy changes for each step in 
either mechanism: 

AG; = AG,o -t AG;,,, = AGY” + AG;,, C-7) 
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where AG,f' and AG$ equal the standard binding 
free energies of X and Y with free (unligated) 
protein, respectively, and AG& and AGy”/, equal 
the standard binding free energies of X and Y, 
respectively, with protein to which the other ligand, 
Y and X, respectively, has already bound. 

The coupling free energy, AGxy, between two 
ligands, X and Y, that bind to different sites on a 
single protein molecule has been defined by Weber 
[S] to be equal to the difference between the actual 
sum of the two individual binding free energies 
(i.e., the free energy change for reaction 1) and the 
sum of each individual binding free energy to free 
protein: 

AGOG = ( AG,O + AG;,,) - ( AG,O + AG;) 

=(d~,O+dc,O,,)-(AG~+AG~) (3) 

or AGx_.=AGyq/x-AG~=AG,o/,-AG~ (4) 

Thus, it is apparent that the coupling free energy 
quantitatively describes the degree to which the 
binding of one ligand influences the standard free 
energy of binding of the other ligand and vice 
versa. Consequently, the order of ligand binding 
that is explicitly considered, and hence the order 
in which the subscripts are written for the cou- 
pling free energy expression, is arbitrary. By con- 
vention, and according to the above definition, if 
the two ligands antagonize one another’s binding, 
then the coupling free energy will be positive, and 
if they enhance one another’s binding affinity then 
AG._ will be negative. (Note that the superscript 
denoting standard state is dropped from the cou- 
pling free energy notation by convention [6].) 

2.2. Mtdtipk Iigand couplings 

The general situation when three or more dif- 
ferent ligands bind is analogous. A coupling term 
exists that represents the difference between the 
actual free energy change upon the binding of all 
ligands and that calculated from each ligand’s 
interaction with free (unligated) protein. 

For three ligands, X, Y and Z, this coupling 
term, denoted AC_, would be given by: 

AGxyz = ( AG~+AG;,,+AG,o,,) 

-(AG,O+AG,O+AG~) (5) 

where AGj,,, equals the binding free energy of Z 
after X and Y have already bound. Once again, 
any order of ligand binding may be considered 
with equivalent results. 

For a protein binding three ligands, the magni- 
tude of the coupling between each two ligands 
may in principle be dependent upon whether the 
third ligand is bound. That is to say, AGyz, for 
example, will not in general be equal to AG,,, 
where AGv,x is equal to the coupling between Y 
and Z when X is present on the protein. Accord- 
ingly, AGy,,, is defined by the following: 

AG,,,=AG;,,-AG;,,=AG,o/,-AG:,, (6) 

By combining eqs. 4-6 one can easily derive the 
following identity that describes the relationship 
between AGxyz and the two ligand couplings that 
exist when a total of three ligands bind (as 
described previously [7]): 

AG,,=AG,,+AG,+AG,,, (7) 

If four ligands, W, X, Y and Z, bind to a 
protein molecule, the four ligand coupling free 

energy, AGwxyz, is equal to the actual binding free 
energy of all ligands minus the sum of the free 
energies for each ligand binding to free protein. 

AG_=( AG:+AG,O,,+AG;,,,+AG:,,) 

Reducing AGwP to two ligand coupling terms 
using the same procedures as used for deriving eq. 
6 results in: 

AG- = AG,+AGw+AGw+AGxY,, 

+AGxz,w+AG,,w (9) 

where AGyz,, represents the coupling free energy 
between Y ,and Z when W and X are already 
bound. By combining eqs. 7 and 9, the following, 
somewhat more general, relationship can also be 
derived : 

AG,, =AG,,+AG_+AG,,,-AG, 00) 

Finally, rate equations, being akin to saturation 
expressions, do not contain free energy terms but 
rather the corresponding equilibrium constants. 
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The comparable equilibrium form of a coupling 
free energy is defined to be Q such that: 

AGxy = -RT h(Q,) 01) 

where R is the gas constant and T the absolute 
temperature. It should be noted that Q terms are 
multiplied to arrive at an expression equivalent ‘to 
one in which AG terms are added. For example, 
eq. 9 is equivalent to: 

Q wxF = Q,QwyQwzQxwwQxz,wQ,z,wx (12) 

Similarly, the definition of a two ligand coupling 
free energy given in eq. 4 is equivalent to: 

Q =K”=- KY 

xy Kx,, KY/X 
03) 

where K, and KY are dissociation constants of X 
and Y, respectively. Kx,y and KY,x are dissocia- 
tion constants of X and Y, respectively, from 
protein to which the other ligand remains bound. 
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Fig. 1. Schematic diagram depicting the possible two ligand 
interactions (dashed double-headed arrows) on a symmetrical 
dimer with one binding site for substrate A and one binding 
site for allosteric ligand X on each subunit. The coupling 
constants (Q terins) are related to the corres~nding coupling 
free energies between the indicated ligands by eq. 11 as de- 

scribed in the text. Note that two different types of A-X 
interactions exist: intrasubunit, denoted Qaxl, and intersub- 
unit, denoted Q&_ All couplings, except the intrasubunit A-X 
couplings (Q,,), must cross the subunit-subunit interface. The 
magnitude of each of the interactions depicted is potentially 
altered by the occupancy of one or both of the other two 

binding sites not involved directly in the interaction. 

2.3. Couplings in a symmetrical dimeric enzyme 

The two ligand couplings that exist in a sym- 
metrical dimer of identical subunits containing a 
single substrate (A) site and a single allosteric (X) 
site per subunit are depicted in fig. 1. There are 
four different basic types of two ligand couplings: 
A-A, X-X, iutrasubunit A-X, and intersubunit A-X 
and the corresponding coupling constants are 
denoted as Q,, Qxx, Qaxl, and Qaxz. respectively. 
The magnitude of each of these two ligand cou- 
plings may be altered when ligands are bound to 
the other sites. Consequently, in the general case 
the following couplings must also be considered: 

iii 
as/x ? Q ail/xx 9 
aXl/aX~ Pa9 xx/as’ 

Q Qaa,a, Qaxw 
Qax2,iw axz/x and Qaxz,ax. Fortunately, 

these constants are not all independent, but are 
related by the multiple ligand coupling constants, 
according to the general relationships just 
described, as follows. 

A symmetrical dimer generates two types of 
three ligand couplings, Q, and Q,, which can 
be reduced to two ligand couplings by referring to 
eq. 7. Therefore, we can write the following identi- 
ties: 

Q, = QaaQax1Qax2,a 

= QaaQaxzQax~,a 

= Q,~QaxzQaa,x (14 

Q, = QuQax~Qaxz,x 

= QxxQaxzQaxl,x 

= QaxlQax~Qxx,a 05) 

The multiple identities arise because the order of 
the subscripts is arbitrary due to the equivalence 
of the various sequences of ligand binding steps 
which can result in three bound ligands. 

Similarly, the unique four ligand coupling 
parameter, Q,, can generate several identities, 
of which the following will prove to be the most 
useful. From eq. 10 we can write: 

QaxxQwzQaa,xx 
Q,= Q 

= e,Qa:Q,. 

Q, 
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Substituting the final identity depicted in eq. 14 
into eq. 16 yields: 

Qam= 
Qix,Qix,Q;,xQxx,aa 

Q, (17) 

Finally, by combining the various identities in 
eqs. 14-16 one can derive the following relation- 
ship: 

QaaQaa,xx = QxxQxx,aa 

(Pa+)’ (Qxx,,)’ 
(18) 

This last identity now enables us to rewrite eq. 17 
as follows: 

Q 
Q 

aaxx = Qix~Qt,Qk,, j= 
[ 1 (19) 

xx 

3. Rate equations 

The rate equation for a rapid-equilibrium di- 
merit enzyme with two substrate (A) binding sites 
and two allosteric ligand (X) binding sites can be 
derived using conventional approaches [8]. Briefly, 
the numerator consists of a sum that will contain a 
term for each ligation state of the enzyme that can 
potentially lead to turnover, i.e., all enzyme forms 
containing at least one bound A. Each of these 
terms is multiplied by a parameter corresponding 
to the potentially unique maximal velocity or 
turnover number associated with that enzyme form 
(denoted by V,, Cl, Van2, V,, V,, V-r, V-, 
and V,). In the case of the enzyme form con- 
taining two bound As and one bound X, two 
maximal velocity terms exist, V_, and Vti, cor- 
responding to turnover of the A occurring on the 
same or opposite subunit, respectively, as that to 
which the X is bound. The denominator is also a 
sum of terms representing all possible ligation 
forms of the enzyme including those that do not 
contain A. Each term in the numerator and de- 
nominator will consists of the product of the free 
concentration of each bound ligand divided by its 
actual dissociation constant and multiplied by the 
integral number of ways that enzyme form can be 
achieved. For example, one X can bind to either 

of two sites on the enzyme and so the terms 
containing a single [X] factor will also be multi- 
plied by 2. The product of actual dissociation 
constants for ligands in a multiligated enzyme 
form is obtained by dividing the product of the 
dissociation constants for each ligand when bound 
singly to unligated enzyme by the corresponding 
coupling constant. 

For example, let Kz equal the reciprocal of the 
binding constant of a single A binding to free 
enzyme in the absence of X, the affinity of either 
site being initially identical. Let Kg be equal to 
the comparable dissociation constant of a single X 
from either binding site when [A] = 0. The prod- 
uct of the actual dissociation constants of A and 
X when they are bound to the same subunit is 
then given by K,“KaQ,, according to eqs. 3 and 
11. Similarly, the product of the actual dissocia- 
tion constants pertaining to the enzyme form con- 
taining two As and one X bound is (K,“)“K$/Q_ 
according to eqs. 5 and 11. 

Following this general outline, 
rate equation will be obtained: 

the following 

u= {(K+ [K.x,Qax, + Vx2Qax21X 

+VmxQaxxX2)~+(VaaQaa 

+ P’aax, + LzlQ,X+ v-Qmxx~2)~~} 

x { (1 + 2X+ Q,X”) 

+2(I + IQ,, + Qax,lx+ Q,X2)A 

+(Qaa+2QaaxX~QaaxxX2)AZ)-1 (20) 

where 

A = [A]/K,O 

x= [X]KE 

If all of the intersubunit couplings depicted in 
fig. 1 were nonexistent, only AG,, would retain a 
finite value and the coupling constants appearing 
in eq. 20 would assume the following values: 

$z?,= Q,= Qax2=L Qaax=Qaxx= Qaxl and 
= Qax~. If, in addition, turnover was simi- 

1aTunaffected by the presence of bound ligands 
on the opposite subunit, then V& = V_ = V_ 

= Kx, and V,, = V, = V_2 = V,. Substituting 
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these identities into eq. 20 reduces it to the follow- 
ing: 

%A + %xlQaxl~ 
U=l+X+A+Q,,XA 

Eq. 21 is equal to the rapid-equilibrium rate equa- 
tion describing the case of a single substrate and a 
single allosteric ligand binding to a monomeric 
enzyme [7,9,10]. No cooperativity is predicted by 
this equation for either IS-type (Q,, + 1) or V-type 
(V,, # V,) allosteric effects [5-7,9,10]. Conse- 
quently, we see immediately that cooperativity, 
unlike the allosterkally induced V-type or K-type 
activation or inhibition per se, is the specific result 
of intersubunit interactions in a dimeric enzyme. 

For the following discussion we assume that the 
maximal velocity is the same for each of these 
enzyme forms and equal to V,. In add&n, let us 
define the parameter Q, to be equal to the geo- 
metric mean of the inter- and intrasubunit cou- 
plings between A and X. 

Qax = ( Qax~Qad'~ (22) 

The following expression results from substituting 
the identities, eqs. 14, 15, and 19 and 22 into eq. 
20. 

~={(~+[Q,,+Q,,I~+QLQ,,,~~*)A 
m 

+ (Qaa + 2QixQaa,xX 

+Q~Q~,,[Q,,,,/Q,]x’)A*) 

x{(1+2X+Q,X2) 

+2(I + [Q,, + Q,,lx+ Q$xQxx,Jz)A 

+ (Q,, + 2QkQaa,xX 

+ Q&Q:,, [ Qaa,xx/Qxx] X’) A’} -I (23) 

4. Cooperativity 

4.1. HiN coejficien t 

An expression relating the Hill coefficient to Homotropic cooperativity occurs when the 
the parameters appearing in eq. 23 can be derived binding of one A to one of the two sites with 

as follows. Eq. 23 can be rewritten in the form: 

V aA + a/3A2 -= 
Kl 1+ 2aA + apA 

where 

(24) 

a = (1 + [Q, + Qax,lx+ Q&Qxx,,x2) 

(1 + 2X-t Q,X”) 

(25) 

PC 

(26) 

Let R be the quantity defined by eq. 27: 

R= 1 v/ G (YA + aPA 
-v/V, = ~+LYA (27) 

A Hill plot is constructed by plotting log R vs. 
log[A]. The slope of the Hill plot is then given by: 

a&x R) 
w%[ AI > = [ i3$!g!2])][ a!;p,J[ i#] 

1 f 2pA i- apA* 

= l+(atP)A+aflA’ 
(28) 

Note that eq. 28 predicts that the slope of a Hill 
plot will approach a value of unity as [A] becomes 
either very small or very large. 

The Hill coefficient is defined to be equal to 
the slope of the Hill plot when u = I&/2, in which 
case R = 1. Solving eq. 27 for A when R = 1 
yields: 

1 -p 
A - (a/I)l’* 

Therefore, by substituting eq. 29 into eq. 28 one 
obtains the general analytical expression for 
calculating the Hill coefficient: 

Hill coefficient = nn = 2( P/a )1’2 

1 + (p/a)“* 
(30) 

4.2. Homotropic cooperativity 
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initially identical affinity alters the affinity of the 
remaining site for the second A to bind. Positive 
cooperativity results if the affinity is increased. 
Negative cooperativity arises if the subsequent 
affinity decreases. The magnitude by which the 
binding of the first A alters the affinity of the 
second A is equal to the coupling constant Q, by 
definition (see eq. 13). Since homotropic cooper- 
ativity arises from a direct coupling between the 
binding of the two substrate molecules on the 
dimer; i.e., when AG, + 0 (Q, # 1); this coupling 
will produce cooperativity at all concentrations of 
X. However, only homotropic coupling remains in 
the general rate expression when X = 0: 

A + QaaA2 

1+2A+Q,A2 
(31) 

Therefore, according to eq. 30 and recognizing 
that (Y = 1 and p = Q,, in eq. 31, the Hill coeffi- 
cient in the absence of X is given by: 

2(Q,)“’ n - 
H - 1 + (Q,)“’ 

(32) 

Eq. 32 is consistent with the conventional inter- 
pretation of Hill coefficients greater than 1 in 
which the Hill coefficient is interpreted as being 
equal to or less than the number of interacting 
sites on the enzyme. In fact, only an infinite, 
negative coupling free energy would result in a 
Hill coefficient of 2 for a protein dimer. It should 
also be noted that eqs. 31 and 32 also hold for 
antagonistic couplings (Q,, < 1) which give rise to 
negative cooperativity and Hill coefficients of less 
than 1 and for which conventional quantitative 
interpretations are not as straightforward. A plot 
of the magnitude of the Hill coefficient vs. the 
value of the coupling constant, Q,,, or the cou- 
pling free energy, AG,, that is predicted by eq. 32 
is shown in fig. 2. 

4.3. Heterotropic cooperativity 

Heterotropic cooperativity is by definition a 
cooperative response that is generated by the 
binding of an allosteric ligand. There are two 

0 aa 
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Fig. 2. Hill coefficient induced by homotropic coupling be- 
tween two substrate binding sites in the absence of X vs. the 
magnitude of the coupling expressed in terms of either the 
coupling free energy at 25OC (bottom axis) or the coupling 
constant Q, (top axis). Note that an antagonistic coupling 
(AG, z 0, Q, ~1) produces a Hill coefficient less than 1 
whereas a coupling that facilitates binding (AG, < 0, Q, > 1) 
produces a Hill coefficient that is greater than 1. The curve was 

calculated according to eq. 32 described in the text. 

distinct classes of heterotropic cooperativity that 
need to be considered: subsaturating heterotropic 
cooperativity and heterotropically induced homo- 
tropic cooperativity. 

4.21. Heterotropically induced homotropic cooper- 
ativity 

Heterotropically induced homotropic cooper- 
ativity arises when the binding of X alters the 
magnitude of the direct coupling between the two 
A sites. While Q, represents this coupling in the 
absence of X, Qaa,x and Qaa,= are equal to the 
homotropic coupling when either one or two allos- 
teric ligands are bound, respectively. These three 
homotropic coupling parameters need not be 
equal. If Q, = 1 and Q,,, Z 1, then fully 
saturating with X will induce homotropic cooper- 
ativity. If Q,, + 1 but Q,,,,, = 1 then X abolishes 
homotropic cooperativity. If both Q,, # 1 # Qaa,_ 
then saturating X simply alters the cooperativity 
by this mechanism. 

Heterotropically induced homotropic cooper- 
ativity is the only linked-function contributor to 
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cooperativity when X is saturating, as can be seen 
by considering eq. 23 as X approaches infinity: 

= { QkQ,,J + QatxQix,,, [ e,/Qxx] AZ } 

x {Q, + 2Q.&Q,J 

+Q~Q~,*[Q,/Q,]R’}-1 (33) 

Eq. 33 can be written in the form of eq. 24 where 

The Hill coefficient is therefore given by the fol- 
lowing according to eq. 30: 

2(Qaa,xx)1’2 
nH = 1 + (Q,,)“2 

Since Q,, can be either greater or less than 1, X 
can induce either positive or negative cooperativ- 
ity. Also, since Q,, may be either greater or less 
than Q,, the cooperativity at saturating con- 
centrations of X can be either increased or de- 
creased relative to the cooperativity exhibited when 
[X] = 0. Note that since eq. 34 is analogous to eq. 
32, the curve in fig. 2 also describes the rela- 
tionship between the Hill coefficient and Q,,,,, or 

A%+ when [X] is saturating. 

4.3.2. Subsaturating heterotropic cooperativity 
Subsaturating heterotropic cooperativity arises 

as a direct consequence of a nonzero intrasubunit 
and intersubunit heterotropic coupling free energy 
between A and X; i.e., Qal and Qaxz + 1 implying 
that Q, # 1. The effects of this type of cooper- 
ativity are most easily revealed if we assume for 
the moment that no homotropic couplings exist, 
i.e., that Q, = Qaaix = Qmjm = Q, = Qxxja = 1. 
Under such a circumstance no cooperativity will 
be apparent in the substrate bindkg profile when 
[X] = 0 or [X] is saturating as was shown above. 
However, the condition that Qaxl and Q, # 1 is 

sufficient to ensure that the Hill coefficient will 
differ from unity at subsaturating concentrations 
of X. Moreover, this cooperativity will always be 
positive regardless of the nature of the interaction 
between A and X, as Weber first pointed out [5,6], 
as long as both intra- and intersubunit coupling 
free energies have the same sign (see below). Both 
an antagonistic relationship (Q, < 1) and a 
facilitating relationship (Q, > 1) will produce nu 
> 1. 

This latter prediction can be intuitively ra- 
tionalized in the following manner. If the binding 
of X lowers the dissociation constant for A, then 
the converse must also be true and the binding of 
A facilitates the binding of X. In the presence of a 
subsaturating concentration of X, as the first 
equivalent of A binds, the binding of X is encour- 
aged and hence a greater degree of X saturation 
will exist after the first equivalent of A has bound. 
Consequently, the dissociation constant for the 
second equivalent of A will be smaller, resulting in 
apparent positive cooperativity. When A and X 
antagonize each others binding, the binding of the 
first equivalent of A will decrease the degree of X 
saturation. Since the influence of an antagonizer 
of binding has been diminished, the binding of the 
second equivalent of A will be facilitated in com- 
parison to the binding of the first equivalent, and 
once again apparent positive cooperativity will 
result. 

This result can be derived formally by sub- 
stituting our boundary conditions into eqs. 25, 26 
and 30: 

1+ [Q,, + Qax,lX+ QkX’ 
01’ 

1+2x+x2 

E Cl+ Q&W + Q,J) 

(1 +x)2 
(35) 

P= 
1 + 2Q; + Q$X’ 

1+ [Q,, + QaxzlX+ QLX’ 

= (1 + Q&X)' 

(I+ Q,J>(l + Qa.d) 
(36) 

2 + 2( Q; + 1)X + 2Q&X* 

nH=2+(Q~+Q~l+Q,,+l)x+2Q~X2 

(37) 
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ELq. 37 predicts that cooperativity resulting from a 
finite A-X coupling will disappear when [X] = 0 or 
[X] is saturating because the Hill coefficient will 
approach a value of unity as these two limiting 
conditions are approached. It can be easily shown 
that 2(Qh + 1) r (QL + Q,, + Q,, + 1) for all 
values of Qaxl and QanZ provided that the follow- 
ing relationship holds true: 

(Q,, - l)(Q,, - 1) ’ 0 (38) 

2. 

Therefore, the Hill coefficient at subsaturating 
concentrations of X is always greater than 1 
whether A and X antagonize each other’s binding 

(Qaxu Qti < 1) or A and X facilitate one another’s 

binding (Qaxlj Qar2 > 1) as long as the natures of 
the intra- and inter-subunit couplings are the same 
(see fig. 3). In addition, if there is no A-X cou- 
pling either within each subunit or between sub- 
units (i.e., if either Qaxl = 1 or Qti = 1) then no 
subsaturating heterotropic cooperativity will oc- 
CUT. 

If one assumes that Qaxl = Qaxz = Q,, then the 
concentration of X that produces the maximum 
Hill coefficient can be determined by taking the 
partial derivative of eq. 37 with respect to X, 

2.00 . , . , . , , I,. , . , , , . 
I 

+J 
', 1.75 
._ 
0 
._ 

: : 1.50 

u 

I 1.25 

'*0!, -4 -3 -2 -1 0 Cl +2 +3 +4 +5 

Lag( CXl/Kq,) 

Fig. 3. Hill coefficient arising strictly from coupling between A 
and X ligands vs. log([X]/K$). Curves were calculated accord- 
ing to eq. 37 for an average A-X coupling free energy (AC,) 
equal to -2, -1, 1 and 2 kcal/mol at 2S°C as indicated on 
the figure. Note how the cuoperativity vanishes at very low and 

very bigb concentrations of X in all cases. 

I 

I , I 1 I.,,,,, 
0-B -3 -2 -1 0 +I +2 +3 

AG,X (kcal/mol @ 25’C) 

Fig. 4. Maximum Hill coefficient resulting from subsaturating 
heterotropic moperativity vs. the average magnitude of the 
coupling between A and X. The curve was calculated according 
to eq. 40 when IX] = KE/Q, as described in the text. Note 
that both an antagonistic coupling (AC,, z 0, Q, <I) and a 
facilitating coupling (AG, < 0, Qex >l) induce a Hi coeffi- 

cient greater than 1. 

setting the resulting expression equal to zero, and 
solving for X. The result is: 

XL- 
Q,, 

(39) 

Substituting eq. 39 back into eq. 37 yields an 
expression describing the relationship between the 
maximum Hill coefficient and Qax: 

2(1+ Qax )(I + l/Qax) 
nH = 4 -t (1 + Q,)(l + l/Q,) (40) 

It is immediately apparent from eq. 40 that identi- 
cal values for the maximum Hill coefficient are 
obtained for any value of Q, and its reciprocal as 
realized by Weber [6] and illustrated graphically in 
fig. 4. 

In general, subsaturating heterotropic cooper- 
ativity causes homotropic cooperativity to in- 
crease, but this does not necessarily imply that the 
Hill coefficient will become greater than 1. In the 
case of strongly negative homotropic cooperativity 
(Q,, < I), the subsaturating effect will only in- 
crease the Hill coefficient to a larger value that 
may still be less than unity. This can be quantita- 
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tively seen by solving for nn when Q, = Qaa,= + 
1 and X= l/Q, which yields: 

n - 
20 + Q,)(l + b'Q,)(Q,,>"' 

” - 4 + (1 + Q,>@ + VQ,>(Q,a>“’ 
(41) 

5. Evaluation of coupling and dissociation con- 
StZUltS 

It is apparent that the couplings depicted in eq. 
23 give rise to all of the allosteric alterations in 
enzymatic behavior, both cooperativity and the 
underlying inhibition or activation. In other words, 
if all of the indicated coupling free energies were 
zero, then the enzyme would exhibit hyperbolic 
saturation behavior and would not be influenced 
by X. In addition, these couplings have very real 
biophysical origins that are responsible for the 
interactions that are experienced. It is important, 
therefore, to determine the magnitude of these 
couplings and their associated dissociation con- 
stants as a necessary first step in studying the 
biophysical cause of these interactions as well as 
to provide a basis for quantitatively describing 
enzymatic function. Fortunately, the most im- 
portant of these parameters can be determined 
from the systematic evaluation of kinetic (or 
saturation) behavior as shown below. 

5.1. Magnitude of Q, and Qaajxx 

The magnitude of the intrinsic homotropic cou- 
pling constant between the two bound A ligands 
can be determined by evaluating the value of the 
Hill coefficient when [X] = 0 according to eq. 32 
that has been solved for Qaa: 

2 

(42) 

As is evident from eq. 34, the above relationship 
will also yield a value for Q,,= if the Hill coeffi- 
cient is determined when [X] is saturating. 

5.2. Magnitude of Q, and Qxx,aa 

Information pertaining to the magnitude of the 
average homotropic couplings between bound al- 
losteric ligands in the absence and presence of A, 

Q, and Qxx,w respectively, can be derived from 
experiments in which the concentration of A that 
produces half-maximal velocity, Ki,z , is evaluated 
as a function of the concentration of X. For a rate 
equation in the form of eq. 24, K,,, is given by: 

- K,” 
Kl/2 - (&l/2 (43) 

From the definitions in eqs. 25 and 26 we can 
determine the following limits: 

lim K1,* 
K,O = 

X-r0 (Qad"' 

Let us define the parameter Q to be equal to the 
ratio of these two limits: 

w 
Note that Q represents an experimentally de- 
terminable quantity. Substituting eqs. 25, 26 and 
46 into eq. 43 yields the following: 

K l/2 

l/2 

=K,o’ 
l+2X+Q,X2 

Q, 1’2 
1+2Q - 

[ 1 Q 
X + Q2Q,X2 

Jwaa 

(47) 

where Ki’= Kz/(Q,)1/2. By determining Kl,2 
as a function of [Xl, and fitting these data to eq. 
47 via nonlinear regression analysis, the parame- 

ters Q, ad Qxx,aa; as well as Kt’, Kg, and Q; 
can be unambiguously determined. 

If no homotropic coupling or heterotropically 
induced homotropic coupling exists between the 
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two allosteric ligands, i.e., if Q, = Qxn,_ = 1, then 
eq. 47 reduces to: 

K 1,2=K+? 
1+x I 1 l+QX 

Eq. 48 has exactly the same form as that predicted 
by eq. 21 which describes an enzyme binding only 
a single substrate and a single allosteric ligand 
[7,11]. Thus, only a homotropic coupling between 
the allosteric Iigands can cause the dependence of 
K1,2 on [X] for a dimeric enzyme to deviate from 
the form predicted by the monomeric case. This 
result probably explains in large measure the gen- 
eral utility of eq. 48 in describing allosteric behav- 
ior even in highly cooperative multimeric allosteric 
enzymes such as rat liver phosphofructokinase 
[11,12]. 

5.3. Magnitude of Kf and Kg 

KiO, can be determined by fitting data to either 
eq. 47 or 48 as just described. Note that eq. 48 can 
be transformed to a linear form for estimating the 
value of Kz (and Q) without resorting to nonlin- 
ear regression [7]. 

Kf’ is the geometric mean or average dissoci- 
ation constant of A when [X] = 0 and hence is 
equal to the concentration of A required to pro- 
duce half-maximal velocity (half-saturation) in the 
absence of X. However, the value of Ki, the 
reciprocal of the binding constant between a single 
equivalent of A and free enzyme, can be de- 
termined from the value of Q,, obtained from 
evaluating the degree of cooperativity when [X] = 0 
as discussed above. Thus, by referring to eq. 42, 
Kz is given by: 

K,o=K,o’ & 
I 1 H 

(49) 

Of course the binding constant of the second 
equivalent of A to bind is given by Q,JKi by 
definition (see eq. 13). 

5.4. Magnitude of Qaxl and Qaxz 

In general it is not possible to distinguish be- 
tween Qaxl and Q,. However, the average A-X 

coupb, Q,, can be determined when the direct 

coupling between the A binding sites is not 
changed with the binding of X and the direct 
coupling between the X binding sites is not 
changed by the binding of A; in which case Q, = 

Q aa/u~ Q, = Qxx,,, and 

Q,, = Q”‘” (501 

according to eq. 46 as recognized by Weber [6]. In 
the more general case, when Q, f Q,,=, and 

Qxx + Qxx,,, the value of Q, can at least be 
bounded to within a finite range of values. 

It is evident from eq. 46 that eq. 50 will not 
hold if the binding of X alters the homotropic 
cooperativity between the A sites or vice versa. 
The extent to which saturating the enzyme with X 
alters the interaction between A sites is given by 
the ratio of Q,,, to Q,, and these parameters 
can be obtained by evaluating the Hill coefficient 
when [X] is saturating and [X] - 0, respectively, as 
discussed above. What cannot be determined ex- 
plicitly is the influence on the homotropic interac- 
tion between X sites induced by the binding of a 
single A ligand, i.e., the ratio of Quc,a to Q,, as 
required by eq. 46. We can, however, place limits 
on the likely value of this ratio by considering the 
following argument. 

Although it is mathematically possible, it is 
physically unreasonable for the binding of one A 
ligand to have an effect on Q, that is opposite in 
nature to the effect of binding both A ligands. If 

Q xx/as ’ 8, then neither A ligand individually is 
likely to diminish the value of Q,. In other words, 
we assume that: 

QxxlQ xx/a s Qm,aa 

or 

Qxx 2 Qxx/a 2 Qxx/aa (51) 

Within the framework of this assumption, one 
extreme possibility is obtained if the heterotropi- 
tally induced homotropic change is completely 
accomplished with the binding of the first A (simi- 
lar to the concerted transition proposed by Monod, 
et al. [13]) in which case Q,,, = Q,,,, and eq. 46 
becomes: 

(52) 
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The other extreme is obtained if one assumes that 
the binding of one molecule of A is totally inef- 
fectual and only the second A causes the change 

in Q,. In this case eq. 46 becomes: 

l/2 

(53) 

Of course between these two extremes lies the 
‘average’ position that the binding of each ligand 
contributes equivalently to the overall effect, in 
which case: 

[h&[~] 

and eq. 46 becomes: 

(54) 

If the ratio Q,,,/Q, is significantly different 
from unity, then the fit to eq. 47 will yield this 
value. One can therefore estimate the value of Q, 
from the experimentally determined values of Q, 

Qw Qa, and the ratio Q,,JQ, in the gen- 
eral case by utilizing eq. 54, recognizing that the 
actual value of Q, will lie within the range 

or 

as indicated by eqs. 52 and 53. 

6. Discussion 

Thermodynamic explanations of allosteric regu- 
lation of oligomeric proteins often involve the a 
priori assumption that the enzyme can exist in a 
finite number of wnformational states to which 
particular attributes, such as binding properties, 
are ascribed. The’ two most popular formalisms 
were originally proposed by Monod et al. [13] 

(MWC model) and by Koshland et al. [14] (KNF 
model). The MWC model assumes that the con- 
formations of all subunits in an oligomer are the 
same and subject to a concerted conformational 
transition equilibrium that can be displaced by the 
binding of ligands to either of the two or three 
possible forms that can exist. In the KNF model, 
ligand binding induces the conformational transi- 
tions and they can occur one subunit at a time as 
ligands sequentially bind. In either case the result- 
ing equations consist of conformationally specific 
ligand binding or dissociation constants plus the 
equilibrium constants governing the wnforma- 
tional transition per se [15]. The number of pro- 
tein forms considered in these equations is re- 
stricted to only those representing different func- 
tional conformational states, and the functional 
properties of these forms are independent of 
whether ligands are bound, rather than wnsid- 
ering all different ligand-bound forms as having 
potentially different properties. 

These models are usually invoked to simplify 
the interpretation of the very complex binding 
interactions that occur in large multimeric pro- 
teins and enzymes. However, the validity of these 
simplifications requires that the underlying as- 
sumption be correct, namely, that the functional 
properties of the protein can be attributed to only 
two or three functional states. Since such models 
usually gain credence because they are easy to 
conceptualize, the inherently arbitrary nature of 
the original construct often tends to become ob- 
scured. Even in the well studied case of hemo- 
globin, for example, where the original two-state 
model was prompted by the determination by 
Perutz [16] of two distinct X-ray crystal structures 
for oxygenated and unoxygenated forms, careful 
analysis of binding data in recent years has neces- 
sitated the reformulation of its mechanism in terms 
of at least several ‘forms’ in order to describe 
adequately hemoglobin’s solution properties 
[17-211. Thus, we are left with the realization that 
even the most carefully acquired data, if inter- 
preted on the basis of arbitrary a priori assump- 
tions, will give rise to highly precise values for 
parameters that may have no objective meaning. 

The alternative approach, at least in the case of 
a dimeric enzyme of the type discussed herein, is 
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to utilize an analysis incorporatig the principles 
of thermodynamic linkage. This approach has two 
distinct advantages. First, the parameters involved 
must have an absolute meaning. That is to say, the 
analysis is not based upon mechanistic assump- 
tions but rather upon thermodynamic principles 
that proteins, like all molecules in solution, must 
obey when subject to detailed balance. 

The second major advantage of this approach is 
that it emphasizes the importance of coupling 
parameters. It is precisely the various protein- 
mediated interactions between ligands that give 
rise to the defining characteristics of allosteric 
behavior. By recasting the multiple ligand cou- 
pling constants in terms of the equivalent two 
ligand coupling constant expressions, the mecha- 
nistic origins of allosteric behavior become more 
intuitively meaningful. The two ligand coupling 
parameters specifically quantify the biophysical 
perturbations that ,cause various allosteric attri- 
butes and therefore are the proper focus of atten- 
tion in the design and interpretation of experi- 
ments aimed at illuminating the biophysical origins 

of these allosteric phenomena. 
One characteristic of most allosterically regu- 

lated dimeric enzymes, cooperativity in substrate 
binding, requires some type of coupling across the 
subunit interface linking the two substrate sites. 
The most obvious mechanism is a direct, or homo- 
tropic, coupling, represented by Q,, in which the 
first A allosterically affects the second A binding. 
We have also seen that a nonsubstrate ligand, X, 
can induce or alter the effective A-A coupling in 
two distinct ways. After X binds, the enzyme is 
essentially a different species that may provide a 
different degree of interaction between the A sites 
as A binds. Hence, the binding of X can modify 
the direct A-A interaction. We have termed such 
an effect ‘heterotropically induced (or altered) 
homotropic cooperativity’. 

Another effect is predicted to occur only at 
subsaturating concentrations of X as a conse- 
quence of the influence that X has on the affinity 
of A per se. Interestingly, as recognized by Weber 
[5,6], this effect must lead to positive cooperativity 
whether X antagonizes or facilitates the binding of 
A provided that the effect of X on the binding of 
both As is consistent. (In the improbable event 

that X might inhibit the binding of the in- 
trasubunit A while facilitating the binding of the 
intersubunit A or vice versa, the subsaturating 
effect will lead to a transient decrease rather than 
increase in the Hill coefficient as a function of X). 
However, for this type of cooperativity to be ex- 
pressed, both A sites must still be coupled, in this 
case indirectly via an intervening X. As is ap- 
parent from eq. 38, both inter- and intrasubunit 
A-X couplings are required. Thus, the absence of 
a transient increase in the Hill coefficient that is 
only apparent at subsaturating concentrations of 
X, relative to that predicted by the homotropic 
and heterotropically induced homotropic limits, 
implies the absence of either intra- or intersubunit 
A-X couplings. 

Aside from the recognition that a rate equation 
containing concentration terms with nonunitary 
powers can result in nonhyperbolic binding curves, 
little insight is gained from inspection of eq. 20 
about the ‘degree’ of cooperativity predicted (as 
commonly quantified by the Hill coefficient). 
However, the extent of allosteric influence on 
cooperativity may be estimated by considering the 
probable magnitudes of these two-ligand cou- 
plings constants. It is unlikely that a coupling free 
energy between two ligands would assume a value 
greater than a moderate fraction of the binding 
free energy for either ligand [6]. Indeed, in those 
cases where coupling free energies have been mea- 
sured for ligands with binding free energies in the 
range 4-8 kcal/mol (dissociation constants in the 
micro- to millimolar range), the absolute values of 
the coupling free energies are usually less than 2 
kcal/mol, in keeping with this expectation 
[6,11,12]. According to eq. 11, therefore, we can 
anticipate that each of the 12 two ligand coupling 
constants will likely fall witbin the range 0.03-30, 
with values less than 1 reflecting antagonistic cou- 
plings (AG, > 0) and values greater than 1 indi- 
cating facilitating interactions (AG, < 0). 

Upon examination of eq. 30, it becomes ap- 
parent that the Hill coefficient resulting from 
ligand-ligand couplings on a dimer has an ab- 
solute upper limit of 2 and a lower limit of 0, but 
these limits are only achieved as the coupling free 
energies approach minus or plus infinity, respec- 
tively (or the corresponding Q values approach 
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infinity or 0 respectively). If one considers 1- 2 
kcalJmo1 to be the more probable upper limit on 
ligand-ligand coupling free energies, then eqs. 32 
and 34 would predict homotropic Hill coefficients 
(when X is absent or saturating) to fall within the 
range 1.7-0.3 (see fig. 2). Similarly, a rf: 2 kcal/mol 
average coupling between A and X would lead to 
a maximum Hill coefficient of 1.8, achieved when 
[X] = KaQ, for either positive or negative cou- 
plings, from subsaturating heterotropic cooper- 
ativity alone (see fig. 3 and 4). Of course, cooper- 
ativity mechanisms can combine, at subsaturating 
but nonzero concentrations of X, to yield more 
extreme Hill coefficients that might more closely 
approach the limits of 2 and 0 (e.g., see eq. 41). 

Although several linkage mechanisms can con- 
tribute to cooperativity, the preceding analysis 
suggests a systematic way to differentiate and 
quantitate the relative contributions of these 
mechanisms. Cooperativity at [X] = 0 and [X] = cc 
and the behavior of the K,,* as a function of [X] 
should yield estimates of the values for Q,,, Qaa,=, 

Qxw Q,w Qw K: and K$ which in turn 
correspond to the fundamental ligand-ligand and 
ligand-protein interactions that are responsible for 
the K-type allosteric regulation of a dimeric en- 
zyme. 
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